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are relatively more efficient and precise than the existing
Kirchhoff-type triangular elements. The nonlinear stability
behaviour of shells is presently under investigation with the
use of this element. The results obtained so far are excellent.
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Buckling of Orthotropic Annular Plates

ERNEST B. UTHGENANNT* AND RONALD S. BRAND!
University of Connecticut, Storrs, Conn.

Introduction

THE buckling of orthotropic circular plates, due to in-plane
compressive loads, has been investigated by Woinowski-

Krieger,1 Mossakowski,2 and Pandalai and Patel.3 Extending
the analysis to include annular plates requires additional
boundary conditions at the inner edge and thereby increases
the mathematical complexity of the governing equation. In
each of the cited papers, the critical buckling loads were de-
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termined from characteristic equations obtained from series
solutions of the governing deflection equation. Including the
inner-boundary conditions prohibits a series solution. There-
fore, this Note employs finite-difference equations and the
Vianello-Stodola iterative procedure to solve the title problem
for several boundary conditions.

Analysis

The governing axisymmetric equation in terms of the de-
flection w and the stresses ov and ae is

where

A = dr

h

4 r {

dw

dr2 - -r dr

r,B — radial and circumferential coordinates, respectively;
Dr = Erh*/12(l - vrever); P2 = Ee/Er; Ee,Er = moduli of
elasticity in the circumferential and radial directions, re-
spectively; VrOjVer — Poisson's ratios, and h = plate thickness.

The stresses can be derived independently of the deflection
from the compatibility equation, the stress-strain relations,
and the equilibrium equation. Thus, the equations to deter-
mine the stresses are given by

(3/r)(dar/dr) o> = 0 (2)
and

d/dr(rar) = cr
Integrating Eq. (2) gives

where Ci and (72 are determined from the loading conditions
at the inner edge (r = b) and the outer edge (r = a). Sub-
stituting the stresses into Eq. (1) and writing the resulting
equation in nondimensional form4 gives

+ X dp2

= odp (3)

where:
V = A with p substituted for r
X = -(TQha2/Dr

p = r/a
Nontrivial solutions of Eq. (3) exist for particular values of the
eigenvalue X. The first eigenvalue determines the lowest
critical buckling load CTO.

Method of Solution

Equation (3) can be reduced to a second-order equation in
terms of slope plus a constant of integration. For ease in
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Fig. 2 Critical buckling
loads, buckling parameter
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Fig. 3 Critical buckling
loads, buckling parameter
\ = -(r0ha*/Dr vs b/a,
outer edge fixed and

loaded, inner edge free.
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handling the boundary conditions it is preferred here, how-
ever, to proceed with the solution of Eq. (3). Writing Eq.
(3) in finite-difference form and collecting coefficients of terms
with like subscripts gives

WiAi + Wi+id + Wi+JEi + Wi-iFi + Wi-zHi —
\(wiBi + wi+lDi + wt-iGi) = 0, i = l,n (4)

where, for an annular plate with inner and outer edges loaded,

A, = 6A4 + 2/32AV

d = -4A4 - 2/t*pi - ft*/t*p* + ftz/2tp*
Di = [Dl + (D3/pi)]Pie-i + [(D2
Ei = 1A4 + lA'p.-
Fi = -4A4 + 2/t*Pi - /32AV - ft*/2tp
Gi = [Dl - (DZ/pt)]pf-i + [D2 -

and

i = any mesh point
t — mesh size
n = number of mesh points
Dl = -(1/*2)D5
D2= -(I/*2) D6
D3= -(l/2t)ftD5
D4 = - (1/20 ft Z)6
Z)5= [1 - (b/a)-P

Equation (4) can be written in matrix form as

([M] - \[N])(w) = 0 (5)

where [M] = matrix whose elements are A », d, Ei, Fi, and Hi',
[N] = matrix whose elements are Bi, Di and ft; and (w) =
column vector of the displacement.

The boundary conditions determine the first two and last
two rows of matrix [M ] and the first and last rows of matrix
[N]. Expressing Eq. (5) in a form amenable with the Vianello-
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Fig. 5 Critical buckling loads, buckling parameter X =
— a-0ha2/Dr vs b/a9 outer edge fixed, inner edge free; both

edges loaded.

Stodola method gives

where [C] = [M]"1 [AT] -and [/] = identity matrix.
To determine the first eigenvalue X the Vianello-Stodola

method5 was employed, and the computations involved were
performed on a digitial computer, t Several mesh sizes were
chosen to check convergence. Using 1-40 mesh points showed
that reasonable convergence occurred in the neighborhood of
15-20 mesh points using double precision.

Results

The critical buckling loads have been determined for
several boundary conditions and two types of loading; they
are shown in Figs. 1-6. The boundary and loading conditions
are given on each figure. The parameters involved are, X
the nondimensional critical buckling load, b/a the ratio of
inner to outer radius, and /52 the ratio of moduli.

/32 ranges from 1, the isotropic case, to 30; b/a ranges from
zero, a circular plate, to 0.8, approaching a ring. In all calcu-
lations Poisson's ratios, vre = ver = 0.3 is used. In each figure
the critical buckling loads for the isotropic cases are shown to
agree with data obtained by previous investigators. Similarly,
the circular plate critical buckling loads agree with previously
obtained data for the range of /32 shown. As an example, X =
14.68 for the circular isotropic case of Fig. 3 as given by
Woinowski-Krieger.1 The value of X from this analysis is
14.66, a difference of less than 1%.

Each figure shows the pronounced effect of the orthotropic
nature of the material upon the critical buckling loads and

110
100
90
80
70Fig. 6 Critical buck-

ling loads, buckling pa-
rameter X = —(T0haz/Dr
vs 6/a, outer edge
simply-supported, in-
ner edge free, both

edges loaded.

.A YAMAKI7
o MOSSAKOWSKI7
oWOINOWSKY \ £2

30.0- KRIEGER1

0.0 0.2 0.4 0.6 0.8 1.0 1.2
b/a

0 0.2 0.4 0.6 0.8 1.0
b/a

J The computations were performed in the Computer Center of
the University of Connecticut. This facility is supported in part
by the National Science Foundation Grant GJ-9.



2104 AIAA JOURNAL VOL. 8, NO. 11

illustrates the importance of including the orthotropicity of the
material in a nalyses.
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Sphere Drag in Near-Free-Moleeule
Hypersonic Flow

M. I. KTJSSOY,* D. A. STEWART,* AND C. C.
NASA Ames Research Center, Moffett Field, Calif.

THERE are many practical applications, such as satellite
drag and lifetime predictions, and density measurements

in the upper atmosphere where a precise knowledge of the
drag coefficient (Cn) of spheres at hypersonic Mach numbers
for near-free-molecule flow conditions is required. Recent
experimental investigations1"5 have measured drag co-
efficients in near-free-molecular flow equal to or slightly less
than the free-molecule limit (assuming diffuse reflection and
an accommodation coefficient of one). These data were
obtained for both hot- and cold-wall conditions at Mach
numbers from 8 to 15. A few experiments at Mm > 15 by
Slattery et al.,1 and Kussoy and Horstman6 have indicated
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Fig. 1 Sphere-drag coefficient variation with Reynolds
number.

Table 1 Sphere drag-coefficient results

Condition 1: Mm = 27.2, Condition 2: Mm = 24.5,
Rejcm = 221, Re^/cm = 6.6, Re^/cm = 236, Re,/cm =
Tw/To = 0.035, Tw/Tn = 5.3, 9.4, TW/TQ = 0.035,
Tw = 294°K TW/T00 = 4.1, Tw = 294°K

Sphere
diam., cm

0.762
0.559
0.376
0.254
0.130
0.080
0.040

Corneas.)
2.26
2.20
2.26
2.45,2.37
2.45,2.37
2.55,2.27
2.40,2.25,2.13

Sphere
diam.,

cm
0.559
0.080
0.064
0.061
0.041

Corneas.)
2.13
2.31
2.34
2.60,2.14
2.45,2.21
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sphere drag coefficients above their free molecule limits.
The purpose of this Note is to present additional data in the
near-free-molecular regime for flow conditions (Mm ~ 25,
Tw/Ta> ~ 5) which are closer to Earth satellite conditions.

The present data were obtained using a free-flight technique
in the Ames 42-in. Shock Tunnel. The operation and calibra-
tion procedures of this facility are described elsewhere.6 The
present test conditions are given in Table 1. The free-flight
technique is similar to that used in Ref. 6, except for the model
launch procedure which employed a retractable table similar
to the one described in Ref. 7. The accuracy of the data
have been calculated to be ±10% for the present investiga-
tion. The larger spheres (0.76-0.25 cm diam) were made
from maple, pine, balsa wood, steel, zinc, copper, or plastic,
and spray-painted with black paint. The smaller spheres
(0.041-0.25 cm diam) were made from a synthetic sapphire-
ruby material and painted with a diluted blue marking dye
solution. Within experimental accuracy, no effect of surface
or material on the drag could be observed.

The sphere drag results for air are presented in Table 1 and
are shown on Fig. 1, plotted against Re%,D (the Reynolds
number based on conditions behind the bowT shock wave).
Results obtained previously6 are also shown. At comparable
Reynolds numbers, they are in good agreement with the
present results. At values of Re-2.,D < 1, the drag coefficient
levels off to an average value of 2.35 which is 10% above the
free-molecular drag coefficient (2.12) computed for the pres-
ent test conditions assuming diffuse reflection and an accom-
modation coefficient of one.

Hersh2 showed that this higher drag coefficient was theoreti-
cally plausible if the energy accommodation coefficient was
less than one. Free-molecule sphere drag coefficients up to
2.6 could be computed for the present test conditions assum-
ing energy accommodation was less than one. In a similar
vein, Hurlbut and Sherman,8 using a reflection model orig-
inally proposed by Nocilla,9 computed theoretical values of
the free-molecule drag coefficient for spheres in hypersonic
flow ranging from below 2.0 to about 2.8, depending on the
particular reflection model chosen. It is likely that the
reason for the present data being above the "free-molecule
limit" while the previous data1"5 are close to or below their
"free-molecule limits," is because of the differences between
the surface reflection and/or energy accommodation laws as a
function of Mach number and wall temperature ratio in
this flow regime. However, it is not possible to determine the
particular reflection laws and coefficients from these experi-
mental results because of the integration process involved.2'8
Thus, for problems such as predictions of satellite lifetimes
and atmospheric density measurements, the experimental
sphere drag coefficients should be used whenever possible.
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